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Abstract

The Impact of Seasonality on Deterministic Dynamics and Noise Forcing

by Alexandra Narcisse Vizcarra

The El Niño / Southern Oscillation (ENSO) is a dominant mode of interannual variability

and a key source of seasonal climate predictability. ENSO exhibits strong seasonality

and diversity; events peak in boreal winter and are weakest in boreal spring, and show

significant spatio-temporal variation in their evolution. This seasonal behavior arises from

both deterministic dynamics tied to the initial state and from time-varying stochastic

forcing (or noise) that can initiate or disrupt event development. A comparison between

a standard Linear Inverse Model (LIM) and a Cyclostationary Linear Inverse Model

(CSLIM) will be investigated to disentangle how seasonality affects the interpretation of

deterministic and stochastic processes in shaping ENSO evolution.

This study also aims to further diagnose the physical processes responsible for “noise”

forcing. Time series of the observed noise forcing were derived, and ENSO noise forcing

was calculated using optimal growth patterns in the LIM and CSLIM. Forward integration

of the models with restricted noise forcing confirmed that noise during certain months

were crucial for certain ENSO events. Finally, spatial structures of the noise were obtained

via linear regression against atmospheric variables (e.g., sea level pressure, surface winds),

demonstrating physical consistency.
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Altogether, this study provides a seasonally consistent framework for separating deter-

ministic evolution from stochastic forcing in ENSO, offering new insight into the timing,

structure, and predictability of ENSO event development.
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Chapter 1

Introduction

1.1 El Ni~no / Southern Oscillation

The El Ni~no / Southern Oscillation (ENSO) is the dominant mode of interannual climate

variability in the world (Philander (1990), McPhaden et al. (2006)). It is an atmospheric-

oceanic coupled mode that occurs in the tropical Paci�c. The atmospheric component is

the Southern Oscillation, which can be best described as an interannual \see-saw" of sea

level pressure (SLP) between the east and west Paci�c (Wang et al. (2017)), which was

coined and studied by Sir Gilbert Walker (Walker (1925)). The oceanic component to

ENSO is the large scale warming (or cooling) of tropical sea surface temperatures (SST)

in the Paci�c (Wang et al. (2017)), �rst discovered by Peruvian �shermen (En�eld (1989),

Murphy (1923), Murphy (1926)).
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The earliest publications that develop the idea of ENSO date back to Brooks and Braby

(1921), where they developed the idea of a relationship between the easterlies and rainfall

in the equatorial Paci�c. Three years later, Walker (1925) described the broad-scale

characteristics of the Southern Oscillation in terms of sea level pressure (SLP), surface

temperature, and rainfall variability. The linkage between Brooks and Braby (1921) and

Walker (1925)'s work on the Southern Oscillation was made by Leighly (1933) nearly a

decade later. Although remarkable, it had little to no impact in the �eld at the time

(Wallace et al. (1998)).

ENSO also had a relatively weak behavior until major warming events began in the 1950s,

which attracted renewed interest. Ichiye and Peterson (1963) studied the warming event

in 1957, leading to the �rst hypothesis that ocean-atmospheric interactions determine the

evolution of wind, SST, and rainfall in the equatorial Paci�c. When weather satellites

were introduced in the 1960s, Bjerknes (1969) integrated this technology into his research,

where he identi�ed coupled ocean-atmosphere interactions in the equatorial Paci�c as

the source of ENSO-related climate variability (Wallace et al. (1998)), and provided

foundational understanding to how researchers know ENSO today. However, how the

coupled system could evolve from a cold state to a warm state had remained unanswered,

since there was a lack of coupled modeling capability, as well as a primitive understanding

of ocean dynamics. Despite the limitations of the technology of its time, Bjerknes' work

stimulated numerous observational studies, and as a result of his work, there was an

improved description of the structure and evolution of ENSO by the 1980s.
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The 1982 El Ni~no, one of the strongest events in the 20th century, was one that took

the globe by surprise, and was crucial for future research on ENSO prediction. This

event developed rapidly and unexpectedly (Gill and Rasmusson (1983)), and highlighted

major limitations in observing the tropical Paci�c and forecasting. This event served as

a key motivation for the Tropical Ocean{Global Atmosphere (TOGA) program (Wallace

et al. (1998)), which aimed to improve ENSO monitoring, theory, and prediction through

coordinated international observations and modeling e�orts.

Since TOGA, ENSO has continued to be a big focus of climate research due to its global

impacts (Trenberth et al. (1998)). Advances in observations and coupled modeling have

led to major improvements in understanding and forecasting ENSO, and modern research

now spans topics ranging from tropical dynamics and air{sea coupling to teleconnections,

predictability, and climate change in
uences. However, ENSO remains challenging to

represent across models (Deser et al. (2012), Capotondi et al. (2015)), particularly in

terms of its seasonal phase-locking, event diversity, and external forcing. These challenges

motivate the continued use of simpli�ed dynamical frameworks (e.g., Hasselman (1976),

Penland and Sardeshmukh (1995), Penland and Matrasova (1994)) that can isolate key

physical processes and provide insight into ENSO evolution and development.

1.1.1 ENSO Dynamics

One key feature of ENSO is its interannual variability of 2-7 years, where events peak in

boreal winter time and are weakest in boreal spring (Deser et al. (2012), Capotondi et al.

(2015)) and can be shown in Fig. 1.1. ENSO's interannual variability can be explained by
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a variety of theories. A popular theory is the delayed oscillator theory, �rst proposed by

Suarez and Schopf (1988), then later modeled by Battisti (1988), and Battisti and Hirst

(1989). The delayed oscillator considers the e�ect of equatorially trapped Kelvin and

Rossby wave propagation on ENSO events. The positive atmospheric-oceanic feedback

that occurs in the equatorial eastern Paci�c leads the SST into a warming state, or an El

Ni~no (Wang et al. (2017)). Wind stress anomalies that are largely con�ned to the central

and eastern basin generate Rossby waves that propagate westward (Battisti (1988)). The

Rossby waves hit and re
ect o� the western boundary of the ocean basin, and become

eastward propagating upwelling Kelvin waves. The upwelling Kelvin waves reverse the

warm SST anomalies once they hit the eastern boundary of the basin, \shutting o�" the

El Ni~no event, therefore providing a negative feedback for ENSO to oscillate.

A few other theories of ENSO include: the recharge oscillator (poleward/equatorward

heat transport; Wyrtki (1975), Wyrtki (1985)), the Western Paci�c oscillator (cyclones/anticyclones

initiated by wind stress; Wang et al. (1999)), and the advective-re
ective oscillator (warm

pool displacement; Picaut et al. (1997)).

The development of an El Ni~no event is due to a positive feedback loop between the

atmosphere and the ocean (Zebiak and Cane (1987), Neelin et al. (1998)). Easterly trade

winds in the central and western equatorial Paci�c weaken which produces downwelling

Kelvin waves that deepen the thermocline in the central and eastern equatorial Paci�c.

As the thermocline deepens, upwelling brings warmer deep water to the surface, leading

to the warming of SSTs across the central and eastern Paci�c. This warming of SSTs
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Figure 1.1: Standard deviation of SST anomalies over the Ni~no 3.4 region. High-
est SST amplitude occur during boreal winter (November-January), and lowest SST

amplitude occur during boreal spring (April-June).

causes the Walker circulation to weaken and shift eastward, enhancing the relaxation of

the trade winds that were responsible for the warming in the �rst place.

Conversely, development of a La Ni~na can be described opposite to that of an El Ni~no.

The easterly trade winds strengthen, which lead to a downwelling Kelvin wave, deepening

the thermocline and upwelling in the eastern Paci�c. This leads to colder SST anomalies

in the eastern equatorial Paci�c and strengthened easterly trades, completing the positive

feedback.
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1.2 Research Objectives

Although ENSO is a well studied phenomena, there are aspects of it that require further

research. Previous literature such as Wyrtki (1975) and Capotondi et al. (2015) state that

\no two ENSO events are the same" and that ENSO exhibits di�erent spatial patterns,

such as Eastern (EP) and Central (CP) Paci�c patterns (Ashok et al. (2007), Takahashi

et al. (2011)). This diversity suggests that there are multiple mechanisms that may

contribute to ENSO development and evolution. Thomas et al. (2018) investigated the

role of stochastic noise forcing in exciting di�erent ENSO events using a linear inverse

model (LIM). Their results yield that the noise forcing can play a critical role in shaping

ENSO variability, motivating further investigation into how this forcing interacts with

deterministic dynamics.

This study follows Thomas et al. (2018) by further examining ENSO dynamics using a

LIM, and comparing the results to a cyclostationary LIM (CSLIM). One big limitation

to their study is that they used a stationary LIM that contains no seasonal dynamics, yet

ENSO dynamics evolve around the seasonal cycle. The �rst part of this study will focus

in evaluating how well the models capture ENSO's deterministic development, and also

investigating how much of the development is due to noise. The latter half of this study

will be primarily investigating the role of noise forcing in ENSO development from both

the LIM and CSLIM. In particular, this study will examine the spatial structure of the

noise associated with ENSO development, with the goal of identifying noise patterns that

will optimally excite ENSO variability. The in
uence of noise is also examined across



7
di�erent ENSO events to assess its relative importance, and how its impact may di�er

between event types, which contribute to ENSO variability and diversity.
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Chapter 2

Methods & Data

2.1 Methods

2.1.1 Linear Inverse Model (LIM)

The Linear Inverse Model (LIM) is a stochastic-dynamical framework that estimates the

linear approximation to a fully nonlinear dynamical system (Penland and Sardeshmukh

(1995)).

dx
dt

= Lx + � (2.1)

where x is the state vector that contains variable inputs (eg: SST, SSH, etc.), L is the

dynamical systems matrix that contains the linear approximation to the deterministic

dynamics, and � is the noise forcing term.
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Under 2.1, a solution to the LIM (Chang et al. (2003)) can be obtained as

x(t + � ) = e L� x(t) +
Z �

t
eL(t�s) �(s)ds (2.2)

where the �rst term on the right hand side is called the \predictable" term and the second

term is the \unpredictable" term (Thomas et al. (2018)). The �rst term on the RHS of

2.2, which is the homogeneous solution to 2.1, can be further expressed as

x(t + � ) = e L(� �t) x(t)

= G(� )x(t)

(2.3)

where G is the propagator matrix that evolves to the �nal state x(t + � ) from an initial

condition x(t) (Penland and Sardeshmukh (1995), Penland and Matrasova (1994)). In

addition, L and G can be obtained from 2.3 by using the lag-0 and lag-� covariance

matrices where

G(� ) = C(� )C(0) �1 (2.4)

and

L =
C(� )C(0) �1

�

=
ln(G(� ))

�

(2.5)

Once L and G are de�ned, the spatial structure of the noise term � can be determined

by its covariance Q where Q =< �� T > (Penland and Sardeshmukh (1995), Penland and
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Matrasova (1994)).

Q = �(LC(0) + C(0)L T ) (2.6)

This is because stationary statistics is assumed and this can be explained via the 
uctuation-

dissipation relation where

dC(0)
dt

= LC(0) + C(0)L T + Q = 0 (2.7)

2.1.2 Cyclostationary Linear Inverse Model (CSLIM)

The CSLIM is an extended version of the LIM where the model includes the seasonally

varying deterministic dynamics and noise forcing of a climate system (Shin et al. (2021)).

Mathematically it can be expressed similar to the LIM:

dx
dt

= L i x + � i (2.8)

where i = 1; 2; :::; 12 denoting the calendar months. In Shin et al. (2021), there are two

ways to estimate the dynamical systems matrix Li : the \phased-average" approach and

the \�xed-phase" approach. This paper will follow the \�xed-phase" approach where Li

can be estimated similarly to 2.5

L i =
ln[C i (1)C i (0)�1 ]

�
(2.9)
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where Ci (1) and C i (0) are the lag-1 and lag-0 covariance matrices of x for each month

i, retaining the correct annual phase of the inputs of the state vector. From here, the

propagator matrix G i over time � can be expressed as

G i (� ) = G i+� �1 :::G1G12 :::G i (2.10)

where Gi = C i (1)C i (0)�1 , which are twelve 1-lag and 0-lag covariance matrices, and the

subscript for each Gi is modulo 12 (Vimont et al. (2022)).

Once Li and Gi are obtained, the noise covariance matrix Qi can also be determined via

the 
uctuation-dissipation relation by discretizing the time tendency of the covariance

matrix:

Q i =
C i+1 (0) � C i�1 (0)

2�t
� (L i C i (0) + C i (0)L T

i ) (2.11)

2.1.3 Optimal Growth

Optimal growth in ENSO events can be investigated using the LIM / CSLIM by calculat-

ing the optimal initial conditions that can grow toward a particular event (Vimont et al.

(2014)). Using the homogeneous solution 2.3 from 2.1, we seek the structures that grow

from an initial condition x(0) to a �nal condition x(� ) over a time period � :

x(� ) = e L� x(0)

= G(� )x(0)

= G � x(0)

(2.12)
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Growth �(� ) is de�ned to be the norm of x(� ) over the norm of x(0):

�(t) =
jjx(� )jj 2

N

jjx(0)jj 2
M

=
x(� ) T Nx(� )
x(0) T Mx(0)

=
x(0) T GT

� NG � x(0)
x(0) T Mx(0)

(2.13)

where M and N are the initial and �nal norms respectively. In this study, the L2 norm is

used as a reference norm, de�ned as jjxjj2 = x T x, which corresponds to the total variance

of the state vector in Euclidean space (Penland and Sardeshmukh (1995), Vimont et al.

(2014)). In this case, the norm matrices reduce to the identity matrix I (i.e., M = N = I),

such that growth is measured by the amplitude of the state vector. So maximum growth

occurs when the initial state x(0) is aligned with the leading eigenvector (�), solving the

generalized eigenvalue problem:

GT NGp � �Mp = 0

GT NGp = �Mp

(2.14)

where p is the optimal initial conditions that maximize growth over time � .

2.1.3.1 CP & EP ENSO Events & Their Optimal Growth

ENSO events can be classi�ed as Eastern (EP) and Central (CP) Paci�c ENSO events

(Ashok et al. (2007), Takahashi et al. (2011), Capotondi et al. (2015)) based on the
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location of maximum warming along the equator. EP ENSO events exhibit maximum

warming in the eastern equatorial Paci�c, and CP ENSO exhibit maximum warming in

the central equatorial Paci�c.

Takahashi et al. (2011) described the EP and CP index as a linear combination of the

�rst two leading EOFs for SST, which can be shown in Fig. 2.1

EP =
PC1 � PC2

p
2

(2.15)

CP =
PC1 + PC2

p
2

(2.16)

However, in our analysis, the second PC of SST characterizes the trend (which was

removed in Takahashi et al. (2011)), while the third PC is more closely aligned with

mode 2 from Takahashi et al. (2011). Hence, the EP (nEP ) and CP (nCP ) coordinate

directions (Vimont et al. (2014)) can be de�ned as:

nEP = f
1

p
2� 1

; 0; �
1

p
2� 3

; 0; 0; :::g (2.17)

nCP = f
1

p
2� 1

; 0;
1

p
2� 3

; 0; 0; :::g (2.18)

where � denotes their respective eigenvalues. The associated �nal norms are described as

N � = n T
� n� + �l (2.19)
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Figure 2.1: Linear regression coe�cients (°C, shading) between the 1870{2010
HadISST sea surface temperature anomalies and PC1 (a), PC2 (b), CP index (c),

and EP index (d). This is Fig. 3 from Takahashi et al. 2011.
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where the * subscript can denote CP or EP, and �l is the identity matrix multiplied to

some arbitrary small number (� = 10�9 ) which is needed for numerical stability (Thomas

et al. (2018), Tziperman et al. (2008)).

Like in the previous section, optimal growth conditions that grow toward a CP or EP

event over a given lag � can be calculated from 2.19 by solving the generalized eigenvalue

problem (Vimont et al. (2014))

GT
� N � G � p� � � � (� )p � = 0

GT
� N � G � p� = � � (� )p �

(2.20)

where the subscript * on N indicates a speci�ed �nal norm (CP or EP) and the subscript

* on p or � indicates that the quantity is calculated from that speci�ed �nal norm. The

optimal initial structure p CP or pEP is referred to as the CP or EP optimal, respectively.

Thus, we can also determine the initial state that maximizes the deterministic growth

towards a CP or an EP direction (Penland and Sardeshmukh (1995), Vimont et al. (2014),

Thomas et al. (2018)). Fig. 2.2 and Fig. 2.3 show the (eg: 9 month) growth structures

for the L2, CP, and EP norm for the LIM and CSLIM respectively.

2.1.4 Estimating the Noise Term

To investigate the characteristics of the noise forcing term � itself, we follow the approach

of Penland and Hartten (2014). More speci�cally, the time tendency of the state vector

dx
dt is expressed as a centered di�erence which is a more accurate representation compared
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Figure 2.2: 9 month LIM optimal initial (left) and �nal (right) structures calculated
from the stationary LIM for the L2 (a, b), CP (c, d), and EP (e, f) norm. Shading
indicates SST, contours are SSH. Solid black contours are positive SSH anomalies,

dashed black contours are negative SSH anomalies, and zero contour is omitted.

to a forward or backward di�erence. A centered di�erence approximates the derivative

symmetrically around time t, which gives a more accurate estimate ofdx
dt and avoids phase

shifts that occur with forward or backwards di�erences.

So for the LIM, the noise is expressed as

� =
x(t + �t) � x(t � �t)

2�t
� Lx(t) (2.21)
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Figure 2.3: 9 month (March - December) optimal initial (left) and �nal (right) struc-
tures calculated from the CSLIM for the L2 (a, b), CP (c, d), and EP (e, f) norm.
Shading indicates SST and contours are SSH. Solid black contours are positive SSH
anomalies, dashed black contours are negative SSH anomalies, and zero contour is

omitted.

where �t = 1 day. For the CSLIM, it can be expressed similarly

� i =
x(t + �t) � x(t � �t)

2�t
� L i x(t) (2.22)

where both � i and L i are time-dependent that correspond to the calendar month, and

�t = 1 day.
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For both calculations of �, subtracting the deterministic tendency Lx(t) e�ectively re-

moves the predictable, linear component of the system's evolution, which leaves behind

the unpredictable portion of the dynamics. In this sense, the estimation of � can be

viewed as a dynamical �lter, isolating the stochastic forcing that drives variability not

captured by the linear operator (Penland and Hartten (2014), Thomas et al. (2018)).

This �ltered noise �eld provides a direct means of assessing when and where the system

is most susceptible to random atmospheric perturbations.

In addition, the reason why the noise estimation should be estimated using daily data

is because the LIM assumes that the noise term � is temporally uncorrelated. However,

if � is computed using monthly data, the high-frequency variability gets smoothed out,

making it autocorrelated in time. Using daily rather than monthly data therefore ensures

that the estimated noise term represents fast 
uctuations that are approximately white

in time and consistent with the assumptions of the LIM framework.

2.1.5 Note on Noise Calculations

Equation 2.2 decomposes the evolution of the system into a linear deterministic compo-

nent (�rst term on the RHS) and a stochastic component (second term on the RHS). In

this framework, the noise term is estimated as a residual and will be used extensively in

Section 3.1.

Equations 2.21 and 2.22 diagnose the noise by subtracting the linear deterministic ten-

dency from the total tendency of the system. In this sense, the linear operator acts



19
as a dynamical �lter, and the noise term is obtained by \backing out" the unresolved

component of the dynamics, and will be used in Section 3.2.

In reality, the noise term represents the aggregate e�ect of unresolved processes, which

include high-frequency variability and nonlinear interactions that occur on timescales

shorter than those resolved by the model. These processes are therefore represented as

stochastic forcing acting on the system.

2.2 Data

2.2.1 Building the State Vector: Monthly Data

The state vector for the �rst part of the results will be using monthly data, and the

variables that will be used are SST and SSH. SST is obtained from the NOAA Extended

Reconstruced Sea Surface Temperature version 5 (ERSSTv5; Huang et al. (2017) on a 1�

latitude x 1� longitude grid. SSH is obtained from Oceans Reanalysis Systems 5 (ORAS5;

Zuo et al. (2019)) on a 0:25� latitude x 0:25� longitude grid. The data is cosine weighted

and the annual cycle has been removed over the region 30� N � 30 � S, 100� E � 285 � E over

the time period 1958-2022. Thus the full state vector is constructed as such

x =
�

z 1�11;SSTP
all

p
� SST

z 1�5;SSHP
all

p
� SSH

�
(2.23)

where z represents the variables by principle components (PCs), using the �rst leading

11 (81.8% variance explained) and 5 (63.3% variance explained) PCs are used for SST



20
and SSH respectively. The PCs are scaled by the square root of their total variance.

The number of PCs that were chosen in the state vector were determined from the � -test

(Penland and Sardeshmukh (1995)). The reason why both SST and SSH are used in

the state vector is because it allows for representation of coupled surface and subsurface

processes, with SST characterizing surface variability and SSH acting as a proxy for

thermocline depth and subsurface heat content essential to ENSO dynamics (Zebiak and

Cane (1987), Battisti and Hirst (1989)).

2.2.2 Building the State Vector: Daily Data

For the latter half of this analysis, the state vector is constructed in the same ways

using the leading 11 and 5 PCs for SST and SSH respectively; however, daily data will

be used instead of monthly. SST is obtained from Optimum Interpolation Sea Surface

Temperature (OISST; Huang et al. (2021)) where the data is interpolated from a 0:25� x

0:25� grid into a 2� x 2� grid. SSH is obtained from the Global Ocean Ensemble Physics

Reanalysis (GLORYS12v1; Lellouche et al. (2021)) on a 0:25� x 0:25� grid. The data is

cosine weighted and the annual cycle has been removed over the region 30� N � 30 � S,

100� E � 285 � E over the time period 1993-2022.

2.2.3 Atmospheric Variables

In order to see what the noise structures look like, the projected noise optimals are

regressed against various atmospheric variables. Daily data obtained from ECMWF Re-

analysis (ERA5; (C3S)) from the time period 1993-2022 include mean sea level pressure
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(SLP), and 10m zonal and meridional surface winds. The data is interpolated from a a

0:25� x 0:25� grid to a a 2� x 2� grid and the anomalies are calculated over the whole

globe.
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Chapter 3

Results

3.1 Hovm•oller Diagrams

3.1.1 Composites of ENSO Events

In order to see the di�erences between the LIM and the CSLIM, Hovm•oller analysis is

used, which shows the evolution of equatorial SST. A composite analysis showing the top

10 June optimal ENSO years will �rst be shown in order to see how both models capture

ENSO event development. The June optimal years are chosen because it precedes the

development of the events, and are independent of the noise. Then, individual events will

be investigated in order to determine if noise has a role in individual event development.

The top 10 June optimal El Ni~no years chosen for the composites are 1993, 1976, 1994,

2009, 1965, 1991, 1972, 1982, 2015, and 1997. The top 10 June optimal La Ni~na years
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that were chosen are 1988, 1998, 2010, 1973, 1975, 1999, 1970, 2007, 2002, and 1971.

3.1.1.1 Top 10 June Optimal El Ni~no Years

To interpret the results, we �rst start by looking at what observations look like (Fig. 3.1h,

p). The equatorial SST begins to warm in the spring and early summer (April-June),

reaching a maximum in the winter (November-January). Then the event begins to decay

in the spring and early summer (March-June) of the second year before the El Ni~no ends

and a subsequent La Ni~na begins to develop.

Before investigating the LIM and CSLIM simulations, it is important to note that for each

initial state, the deterministic SST anomalies (shading) plus the noise forcing (contours)

equal the fully observed SST anomalies produced by the models. To guide the interpre-

tation of these results, we focus on how the LIM and CSLIM partition ENSO evolution

into deterministic growth versus noise forcing as a function of lead time. In particular,

we assess when the deterministic dynamics begin to capture the observed growth and

decay of ENSO events, and whether variability is attributed primarily to deterministic

processes or to stochastic forcing. This provides insight into whether ENSO development

is represented as an internally growing mode or as noise-driven variability within each

model framework.

We begin by investigating how the LIM forecasts the event (Fig. 3.1 top row). Starting

with initializing the model in January of year 1 (Fig. 3.1a), the deterministic forecast of
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SST is very weak as indicated by the shading. However, there is an excessive amount

of noise as indicated by the positive contours. That means when the model is initialized

in January, several months before the peak of the event, the model depicts that the

development is driven by noise. Now, if the LIM is initialized in March (Fig. 3.1b), the

deterministic forecast shows some improvement compared to the January initialization.

However, it is still an extremely weak deterministic forecast, and the noise contours

still heavily dominate in contributing to event development. It is when looking at the

September initial condition (Fig. 3.1e) where the deterministic forecast begins to look

like observations (Fig. 3.1h). However, the noise is still heavily present in all of the

LIM forecasts even if the forecast is initialized close to the peak of the event (Fig. 3.1e),

meaning that according to the LIM, noise is driving event development. In addition, in

the November initialization (Fig. 3.1f), the positive noise contours disappear and negative

noise contours are present in the late spring to winter of the second year. This indicates

that the LIM would infer that the noise is also responsible for terminating the El Ni~no

event, so that the subsequent La Ni~na can begin to develop.

The CSLIM forecasts show a di�erent partitioning between the deterministic dynamics

and the noise-forced evolution. The deterministic evolution in the March initial state (Fig.

3.1j) already shows event growth, peak, and decay clearly. By the May initial state (Fig.

3.1k), the deterministic forecast looks nearly identical to observations (Fig. 3.1p); while

in the LIM, it took all the way until the September initial condition (Fig. 3.1e) to capture

deterministic development to that same magnitude. In addition, the noise contours in

the CSLIM are not as prominent in driving event development and decay compared to
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the LIM, and the noise contours almost completely disappear after the September initial

condition (Fig. 3.1m).

The di�erence between the LIM and CSLIM is that the CSLIM contains seasonally vary-

ing deterministic dynamics, whereas the LIM does not contain such dynamics. The

di�erence between their respective Hovm•oller diagrams indicates that the LIM misrep-

resents ENSO's seasonally varying growth rate as noise. Furthermore, since the CSLIM

includes seasonal dynamics, it was able to appropriately capture the deterministic sea-

sonal evolution.

Overall, the results indicate that the LIM attributes a large fraction of ENSO growth to

stochastic forcing, particularly at longer lead times whereas the CSLIM captures much

of this growth within the deterministic dynamics. In physical terms, this likely suggests

that the seasonal phase-locking of ENSO growth is not adequately represented in the

LIM, which is time-invariant, and is instead aliased into the noise term. In contrast, for

the CSLIM, it incorporates the seasonally varying dynamics and is able to represent this

growth as an intrinsic, predictable feature of the system.

3.1.1.2 Top 10 June Optimal La Ni~na Years

Here, we repeat the previous analysis for the developing La Ni~na events. Once again,

starting with examining the LIM outputs (Fig. 3.2 �rst row), the January (Fig. 3.2a)

and March (Fig. 3.2b) initial conditions demonstrate an extremely weak deterministic
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Figure 3.1: Hovm•oller diagrams of the top 10 June Optimal El Ni~no years in the
tropical Paci�c (30 � N � 30 � S, 100� E � 285 � E). Time increases upwards along the
y-axis starting in January, and longitude is shown on the x-axis. The observed SST
anomalies are shown in (h) and (p). The top row indicates SST anomaly prediction
from the LIM that contains the deterministic dynamics (shading) and the noise forcing
(contours). The bottom row is explained similarly but for the CSLIM. The columns
represent di�erent initializations of the models every 2 months for a 2-year forecast,

and are indicated by the horizontal black lines in each diagram.

forecast. The negative noise contours for both early forecasts indicate that the devel-

opment of La Ni~na is due to noise. The May (Fig. 3.2c) and July (Fig. 3.2d) initial

conditions then show that the forecast is slowly becoming more robust; however, the neg-

ative noise forcing contours are still prominent in event development. By the September

initial state (Fig. 3.2e), the forecast now looks similar to observations and is able to cap-

ture the peak and decay, and the negative noise contours almost completely disappears.

However, the positive noise contours in the eastern Paci�c are ampli�ed compared to the

earlier forecasts. This indicates that the noise is terminating the event, even when the

LIM initiates a forecast after the peak (Fig. 3.2g).
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Now, in comparison with the CSLIM diagrams (Fig. 3.2 second row), the deterministic

forecast looks like observations in the May initial conditions (Fig. 3.2k). In contrast,

it took until the September initial condition (Fig. 3.2e) for the LIM to capture the

deterministic development to the same magnitude. The negative noise contours do not

contribute as much to event development compared to the LIM, and the contours even

disappear almost completely in the July initial state (Fig. 3.2l). However, it is important

to note that even though the CSLIM is able to capture ENSO's seasonal development,

the deterministic forecast is predicting a colder event than what actually occurred.

Once again, it can be said that the LIM is aliasing La Ni~na's seasonal growth and decay as

noise, and the CSLIM appropriately captures La Ni~na's seasonal evolution. In addition,

there is a persistent positive noise forcing in the far eastern Paci�c in all initial states for

both models. This is due to nonlinearities or state dependent noise that are not captured

in the LIM and CSLIM. As a result, both models alias those missing dynamics as noise.

Consistent with the El Ni~no composite results, the LIM tends to attribute a substantial

portion of La Ni~na development and decay to stochastic forcing, whereas the CSLIM

captures much of this evolution within its deterministic dynamics. Once again, this

highlights that seasonally varying growth rates are misrepresented as noise in the LIM.

The persistent noise signals in the eastern Paci�c in both models further suggest the

presence of nonlinear or state-dependent processes that are not captured by the linear

framework and are therefore projected onto the noise term.
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Figure 3.2: As in Fig. 3.1, but for the top 10 June optimal La Ni~na years.

3.1.2 Individual ENSO Events

We now examine individual ENSO events to better understand how the partitioning

between deterministic dynamics and noise forcing varies at di�erent cases. While the June

optimal composites highlight the typical seasonal evolution of ENSO, individual events

provide insight into how this balance depends on event strength, type, and background

state.

3.1.2.1 2015 El Ni~no

It can be seen that both models are able to capture the deterministic evolution of the El

Ni~no at longer lead times. However, the deterministic evolution is better forecasted in
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